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ABSTRACT: We study a fermionic coset model G/H when the subgroup H is not
simply connected. We show that even when the fermionic zero modes impose selection
rules which alters the values of the correlators, the Virasoro central charge of the theory
results independent of the topological sector.
SECTION I: INTRODUCTION
The G/H coset construction of conformal algebras has proven to be extremely useful
in the classification of conformal field theories [GKO]. In particular, it provides a method
to obtain new representations of the Virasoro algebra by decomposing the representations
of the original group G Kac Moody algebras into representations of a subgroup H Kac
Moody algebras. The lagrangian approach for such models, either fermionic or bosonic, is
based in the following idea [coset,coset2]: starting from a theory with global symmetry G,
one constraints the Noether currents in H in a gauge invariant way. In the case of fermionic
models [coset] one introduces to this end gauge fields acting as Lagrange multipliers which
enforce the constraints. The resulting theory is then bosonized using conventional path
integral methods.
An interesting problem is posed when the subgroup H is not simply connected. In this
case it is possible to classify topologically inequivalent gauge fields by the fundamental
group Π1(H). Important examples of those groups are of the form H = H˜/Z where H˜ is a
compact, connected, simple and simply connected Lie group and Z is a discrete subgroup
of the center. For such models the gauge field path integral decomposes into a sum of
terms labelled by the fundamental group of H [Bardakci,ellos,cm,yo].
In this work we study a constrained fermionic model with G = U(NK) and H =
SU(N)K/ZN (K is the Kac Moody level and ZN = Z/N the center of SU(N)). We iso-
late the topologically non-trivial contribution from the zero charge degrees of freedom of the
gauge field and decouple the latter from the fermions. This procedure leads to the factor-
ization of the partition function in three terms: a partition function of fermions coupled to
the non-trivial gauge field, a partition function of a gauged Wess-Zumino-Witten (WZW)
action and a partition function of a ghost system also coupled minimally to the background
monopole. With a convenient election of the monopole background with support at infin-
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ity (the north pole), the three subsystems mentioned above become, separately, conformal
invariant although the Virasoro generators are affected by the background field. Using the
Dotsenko-Fateev [Dotfat] analogy with a Coulomb gas, we show that the modification of
the energy-momentum tensor for each subsystem is given by
∆Tzz ∝ ∂zjN−1
where jN−1 is the current in the direction of the “last” generator of the Cartan subal-
gebra of sˆu(N). This result is crucial since it implies that the total change of the energy-
momentum tensor is proportional to the derivative of the total current JN−1, this being
zero due to the imposed constraint. Consequently the modifications of the conformal
anomalies for each subsystem cancel each other and the total central charge of the coset
system is the same in any topological sector. We prove this statement by computing explic-
itly the conformal charges of the three subsystems for the general coset U(NK)/SU(N)K.
SECTION II
A fermionic realization of the coset model U(NK)/H is constructed starting from a
theory of N ×K free Dirac fermions in which the currents associated to the subgroup H
are constrained to zero via lagrange multipliers [coset]. The corresponding Lagrangian in
R2 is given by
L = ψ¯im(i/∂δij + /Aij)ψim i, j = 1, ..., N ; m = 1, ..., K (2.1)
where ψim are N × K Dirac fermions and the gauge field Aµ (which plays the role of a
Lagrange multiplier) takes values in the Lie algebra of a compact connected semi-simple
Lie group H. The partition function reads
Z =
∫
Dψ¯DψDA exp[
∫
d2xψ¯(i/∂ + /A)ψ]. (2.2)
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In order to compactify the two dimensional manifold R2 we impose appropriate bound-
ary conditions at infinity:
lim
r→∞A→ ig
−1dg (2.3)
where g(θ) = lim
r→∞ g(r, θ) belongs to the loop group LH of H.
Topologically non trivial configurations corresponds to elements g not belonging to the
identity component L0H of LH. Examples of groups supporting non trivial configurations
are [Cachoyyo]
H = H˜/Z (2.4)
with H˜ a compact, connected, simply connected lie group and Z a non trivial subgroup of
the center. In particular we take H = SU(N)/ZN (ZN = Z/N). The fundamental group
of H is
Π1(SU(N)/ZN ) = ZN (2.5)
showing that LH has N connected components, each of that defining a different nontrivial
configuration of the gauge field Aµ. We will call A
(α)
µ ( α = 0, 1, ..., N − 1) a gauge field
“belonging to the topological class α” in the sense of equations (2.3)-(2.5).
The above discussion shows that the functional integral measure in the partition func-
tion (equation (2.2)) splits in the sum of N integrals, one for each topological class α
DA exp(−S[A]) =
N−1∑
α=0
DAαexp(−S[Aα]). (2.6)
There is a problem concerning the fermionic integration in equation (2.2). This integral
can be computed using well known regularization prescriptions (ζ function, heat kernel,
etc.) which are valid provided the gauge field Aµ is topologically trivial (α = 0 in our
case). Otherwise , the integral is zero because of the zero modes of the Dirac operator.
There is, however, a way to overcome this difficulty [Bardakci] which we now discuss.
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A zero class (trivial) gauge field aµ can be written in the form:
az = iu
−1∂zu (2.7)
az¯ = iv
−1∂z¯v (2.8)
where z = x+ iy, z¯ = x− iy and u and v are single-valued fields taking values in H. Then
we can write a general gauge field of class α in the manner
A
(α)
z = az + u
−1A(α)z u (2.9)
A
(α)
z¯ = az¯ + v
−1A(α)z¯ v (2.10)
where A(α)z¯ is a fixed configuration of class α. For convenience we choose this field satisfying
the Lorentz gauge condition
∂µA(α)µ = 0. (2.11)
Hence the integral DAα reduces to an integral in the topologically trivial fields u and v
over the whole group manifold H = SU(N)/ZN (there is of course a jacobian which we
will consider later). Finally, because of the invariance of A
(α)
µ under gauge transformations
in the center ZN we can express the H integral in terms of the SU(N) variables as follows∫
SU(N)/ZN
Dg exp(−S[g]) = 1
N
∫
SU(N)
Dg˜ exp(−S[g˜]). (2.12)
The final expression for the partition function Z reads
Z = 1
N
N−1∑
α=0
∫
SU(N)
Du˜Dv˜J [u˜, v˜]det
(
i/∂ + /A(α)
)
(2.13)
where A
(α)
µ is defined in equations (2.9),(2.10) and J [u˜, v˜] is the jacobian
DAα = Du˜Dv˜ J [u˜, v˜]. (2.14)
Using standard methods it is possible to decouple the u˜ and v˜ fields from the fermions
in the determinant. In fact the following identity holds [Polyakov]
det
(
i/∂ + /A(α)
)
det
(
i/∂ + /A(α)
) = exp(−S[u˜v˜−1,A(α)µ ]). (2.15)
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Here
S[g,Aµ] = −KI[g]− K
π
∫
d2xtr
(
−iAz¯g−1∂zg + iAz∂z¯gg−1 −AzgAz¯g−1 +AzAz¯
)
(2.16)
and −KI[g] is the level −K Wess-Zumino-Witten action. Of course the field A(α)µ cannot
be decoupled from the fermions, since such field produces a non trivial kernel to the Dirac
operator which prevents the use of the standard methods for computing determinants (but
for a carefully treatment of the determinant of the Dirac operator with non trivial kernel
see [Solo]).
Let us return to the jacobian in equation (2.14). A direct computation leads to:
J [u˜, v˜] = det
(
i∂z + A
(α)
z
)
ADJ
det
(
i∂z¯ + A
(α)
z¯
)
ADJ
(2.17)
where the subscript ADJ indicate that the Dirac operator acts in the adjoint representation
of SU(N). This determinant can be related to the determinant of the same operator in
the fundamental (defining) representation by the identity [Polyakov,jacobian](There is a
similar equation for the z¯ component)
det
(
i∂z + A
(α)
z
)
ADJ
det
(
i∂z +A(α)z
)
ADJ
=

det
(
i∂z +A
(α)
z
)
det
(
i∂z +A(α)z
)


2CH
(2.18)
where CH is the eigenvalue of the Casimir operator in the adjoint representation (in our
example CSU(N) = N). Using equations (2.15)-(2.18) we can write
J [u˜, v˜] = exp(−2NS[u˜v˜−1,A(α)µ ]) det
(
i∂z +A(α)z
)
ADJ
det
(
i∂z¯ +A(α)z¯
)
ADJ
. (2.19)
Finally, after fixing the trivial gauge v˜ = 1, we can write the partition function as
Z = 1
N
N−1∑
α=0
∫
SU(N)
Dg˜ det
(
i/∂ + /A(α)
)
e(K+2N)S[g˜,A
(α)
µ ] ×
det
(
i∂z +A(α)z
)
ADJ
det
(
i∂z¯ +A(α)z¯
)
ADJ
. (2.20)
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Note that in virtue of equations (2.3), (2.15) and (2.19), the field g˜ has trivial boundary
conditions, i.e.,
lim
r→∞ g˜ → I. (2.21)
SECTION III
The equation (2.20) shows that the partition function of the theory is a sum of terms,
one for each topological class. Individually each term can be factorized in three: the
partition function ofNK Dirac fermions coupled to the background fieldA(α)µ , the partition
function of a gauged Wess-Zumino-Witten theory and the partition function of N2−1 pair
of Fadeev-Popov ghosts also coupled to A(α)µ . As we commented before, the non-trivial
topology has a deep impact in the Dirac operator: its kernel becomes non-trivial. In
order to study this problem more carefully let us find the square-integrable solutions of
the differential equation
(
i/∂ + /A(α)
)
ψ = 0 , ψ =


ψ1
ψ2
...
ψN

 (3.1)
(we are considering for simplicity the case with one flavor, the generalization to the case
of K flavors is straightforward). First at all we have to chose a representative background
field. In the preceeding section we mapped the problem initially defined on SU(N)/ZN
over its universal covering SU(N). In this manifold the different components of the loop
group L(SU(N)/ZN) are represented by multivalued group-valued functions
g : [0, 2π]→ SU(N) / g(0) = h · g(2π) (3.2)
where h is an element of the center SU(N) (i.e., hN = 1). Its easy to verify that the more
simpler configurations satisfying (3.2) are
gn(θ) = exp(i
n
N
TN−1θ) (3.3)
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where
TN−1 =


1 0 0 . . . 0
0 1 0 . . . 0
0 0 1 . . . 0
...
...
...
. . .
...
0 0 0 . . . 1−N

 (3.4)
is the N − 1 Cartan generator of SU(N) and n ≡ mod(N) label the topological sector.
Finally our election of the background gauge field is [letogus]
A(n)µ = −ia(ρ)g−1n ∂µgn
=
n
N
a(ρ)∂µθT
N−1
(3.5)
where a(ρ) is a function which vanishes at the origin and has the asymptotic behaviour
lim
ρ→∞ a(ρ)→ 1 (3.6)
enforced by the boundary condition equation (2.3). One can verify that this election
satisfies the Lorentz gauge condition equation (2.11) and consequently it can be written
as a curl
A(n)µ = −ǫµν∂νK(ρ)TN−1. (3.7)
Here K(ρ) is defined as
K(ρ) =
n
N
∫ ρ
0
a(r)
r
dr (3.8)
and has the following behaviour
lim
ρ→∞K(ρ)→ ρ
n
N . (3.9)
Then, in terms of the chiral components ψL and ψR, the equation (3.1) takes the form
∂z
(
e−K(ρ)T
N−1
ψR
)
= 0 (3.10)
∂z¯
(
eK(ρ)T
N−1
ψL
)
= 0 (3.11)
with solutions
ψR(x, y) = e
K(ρ)TN−1χR(z¯) (3.12)
ψL(x, y) = e
−K(ρ)TN−1χL(z) (3.13)
where χR (χL) is an arbitrary anti-holomorphic (holomorphic) N-components spinor. How-
ever by requiring square-integrability the possible values of χR and χL have severe con-
strains.
There is a subtlety concerning this issue. Because we are dealing with the compactified
plane, the inner product of spinors is different from the usual one. In particular the inner
product induced by the standard metric of the sphere is [nielsen]
(ψ, χ) =
∫
2
(1 + ~x2)
d2~x ψ†(~x)χ(~x). (3.14)
Writing the n as
n = r + cN , r, c ∈ Z , 0 ≤ r < N (3.15)
(r is the “topological charge”) and using the equations (3.12), (3.13) and (3.14) we find a
set of basis vectors for the kernel of /D (we consider c > 0)
Case (I) r 6= 0
ψ
(q)
L = e
(1−N)K(r)


0
...
0
zq

 , q = 0, 1, . . . , n− c− 1 (3.16)
ψ
(i,p)
R = e
−K(r)


0
...
z¯p
...
0

 ,
{
i = 1, 2, . . . , N − 1 (labels the rows)
p = 0, 1, . . . , c− 1, c. (3.17)
Case (II) r = 0
ψ
(q)
L = e
(1−N)K(r)


0
...
0
zq

 , q = 0, 1, . . . , n− c− 1 (3.17)
ψ
(i,p)
R = e
−K(r)


0
...
z¯p
...
0

 ,
{
i = 1, 2, . . . , N − 1 (labels the rows)
p = 0, 1, . . . , c− 1. (3.18)
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Finally we can compute the index of the Dirac operator and we find
index /D = dim ker Dz − dim ker Dz¯ =
{
(N − 1)− r, if r 6= 0
0, if r = 0
(3.19)
(for K flavors this value is multiplied by K).
Note that even when the number of zero modes is n-dependent, the index only depends
on n ≡ mod(N), the topological charge.
There are some direct conclusions we can obtain from these results. As we men-
tioned before, the existence of zero modes of the Dirac operator enforces constraints on the
fermionic correlation functions. These features can be explained easily in the path-integral
formalism. The fermionic path-integral can be performed by expanding the fermions in a
base of eigenvectors of the Dirac operator with Grassmann variables as coefficients, and
finally, integrating the Grassmann variables with the Berezin rules. However those Grass-
mann coefficients associated to the zero modes will be absents in the fermionic action.
Therefore the only non-vanishing correlation functions are those which can provide the
necessary number of Grassmann variables to make the integrals non-zero. In general, if we
define the following family of “chirality changing” fermionic operators
α
ij
R(z) = ψ¯
i
R(z)ψ
j
R(z) (3.20)
α
ij
L (z) = ψ¯
i
L(z)ψ
j
L(z) (3.21)
we can derive easily the following results. For r 6= 0 the non-zero correlation functions of
α operators contains a number of α
ij
R(z) bilinears which exceeds in N − 1− r the number
of α
ij
L (z) bilinears. Moreover the minimum number of α
ij
L (z) operators presents must be
n − c. For r = 0 the non-vanishing correlation functions contains the same number of
α
ij
R(z) bilinears than α
ij
L (z) bilinears, with a minimum of n− n/N of each class.
Foe the special case of N = 2 there are only one non-trivial topological sector which we
can parametrize with n = 1. For this case there are two fermionic zero modes, one of left
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chirality and the other of the opposite chirality. The non-vanishing correlation functions
will contain the same number of α
ij
R(z) bilinears than the α
ij
L (z) bilinears.
SECTION IV
The aim of this section is to compute the conformal anomaly of this “twisted” model.
We will study the three factors of the partition function separately (i.e., the bosonic, the
fermionic and the ghost sector). Of course each of this sectors are not independently
conformal invariant for an arbitrary background gauge field. However following Ref. 1,2
we can overcome this difficulty by choosing the arbitrary background field Aµ concentrated
at the infinity (with support at the infinity). With this election the three sectors above
mentioned becomes separately conformal invariant on R2 = S2 − {north pole}. Moreover
we will show that the effect of the background field in the three cases is a modification
of the conformal properties as in the Dotsenko-Fateev’s model [Dotfat]. We will also see
that due to the constraints of the theory the shifts of the conformal anomalies of the three
sectors add to zero, and the total conformal anomaly of the model is independent of the
topological sectors [yo].
a) The Case H = SU(2)/Z2
Let us first consider the easier case SU(2)/Z2. Once solved this problem the general-
ization to the case SU(N)/ZN is straightforward.
We begin with the analysis of the bosonic action. The bosonic effective action is given
by
S[g,Aµ] = kI[g]− k
π
∫
d2xtr
(
−iAz¯g−1∂zg + iAz∂z¯gg−1 −AzgAz¯g−1 +AzAz¯
)
(4.1a)
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where kI[g] is the level k Wess-Zumino-Witten action (k = −(K + 4) in our case) and the
background field takes the form
A(n)µ = −ǫµν∂νK(ρ)σ3. (4.2a)
Although the presence of this field breaks the chiral SU(2)L×SU(2)R invariance, the sym-
metries in the Cartan subgroup U(1)L×U(1)R remains unbroken. The currents associated
with this symmetry are
J3z = j
3
z + ik tr(g
−1Azgσ3 +Azσ3) (4.3a)
J3z¯ = j
3
z¯ + ik tr(gAz¯g−1σ3 +Az¯σ3) (4.4a)
where
j3z = −k tr(g−1∂zgσ3) (4.5a)
j3z¯ = −k tr(g∂z¯g−1σ3) (4.6a)
and we use the gauge condition equation (2.11). Parallel to the analysis of the abelian
case (see Dotsenko-Fateev [Dotfat] and Ref. 1), we easily verify that the second term of
each current measures the background charge (in the Cartan algebra direction) created at
infinity by the gauge field Aµ. In fact, if the operators Vqi(zi) creates respectively a σ3
charge qi at the point zi (i = 1, ..., n), the total σ
3 charge of the state
|{qi, zi} >=
n∏
i=1
Vqi(zi)|0 > (4.7a)
is computed by
Q3z =
1
4πi
∮
dz J3z |{qi, zi} >
=
1
4πi
∮
dz j3z |{qi, zi} > +
1
2π
k
∮
Aµdxµ|{qi, zi} >
=
(
n∑
i=1
qi +
k
2
)
|{qi, zi} > .
(4.8a)
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Hence, the neutrality of the charge enforces the following constraint on the vertex operators
n∑
i=1
qi = −
k
2
=
(
K
2
+ 2
)
for k = −(K + 4). (4.9a)
This relation (equation (4.9a)) changes the conformal dimensions of the vertex operators
and consequently the energy-momentum tensor differs from the one of a pure WZW theory.
The analogy of this model with the Dotsenko and Fateev’s Coulomb gas suggests that such
a modification is given by the addition of a term:
∆Tzz ∝ ∂zj3z . (4.10a)
Let us now recall the free field representation of the WZW theory [wakimoto]. The
kernel of this method is to find a realization of the affine algebra by means of free fields.
For the SU(2) group we can write the affine currents in terms of three free fields, φ, µ and
ν, and they reads
j3z = i
√
2(k + 2)∂zφ+ 2∂zµ (4.11a)
j+z =
√
2∂zν e
−2(µ−iν) (4.12a)
j−z =
(
−i
√
2(k + 2)∂zµ+ 2
√
k + 2∂zφ−
√
2(k + 1)∂zν
)
e−2(µ−iν). (4.13a)
In order to reproduce the conformal anomaly of the WZW model the fields φ, µ and ν are
coupled to the Gaussian curvature. Their actions can be written as
SΦ =
1
2π
∫
d2x
{
(∂Φ)2 +QΦRΦ
}
Φ = φ, µ, ν (4.14a)
where R is the scalar curvature and the “charges” QΦ takes the values
Qφ = −
i
√
2√
k + 2
, Qµ = −1 , Qν = i. (4.15a)
The corresponding energy-momentum tensors and conformal charges are
TΦ = −2(∂zΦ)2 +QΦ∂2zΦ (4.16a)
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cΦ = 1 + 3Q
2
Φ. (4.17a)
Returning to our model, a WZW model with a minimal coupling to a background field
located at infinity, it is now easy to describe the effect of the background field in terms of
the free field realization. In fact, we can show [Dotfat, yo] that, instead of working with
the currents J3z and J
3
z¯ (equations (4.3a) and (4.4a)) we can use the free currents j
3
z and
j3z¯ but defining a “new” vacuum state |k > as
|k >= e−i
√
2(k+2)φ(∞)e−2µ(∞)|0 > . (4.18a)
This vertex insertion creates a charge k at the infinity and therefore reproduces the contri-
bution of the background field in equation (4.8a). Moreover, we can include this insertion
in the actions (4.14a) by a simple redefinition of the charges QΦ which takes the form
Qφ =
ik√
2(k + 2)
, Qµ = 0 , Qν = i. (4.19a)
Note that this procedure is equivalent to add to the energy-momentum tensor the term
∆T (z)B =
1
2
∂zj
3
z (z) (4.20a)
in accordance with equation (4.10a). Finally using equation (4.17a) we find the conformal
charge of this model
cB = −
3k2
2(k + 2)
=
3(N + 4)2
2(N + 2)
for k = −(N + 4). (4.21a)
We can also study the fermionic action in a close related way. With the election (4.2a)
of the gauge field (and after a harmless rescaling of the fermions) the fermionic action is
the sum of K terms of the form
SF =
1
4π
∫
d2xψ¯(1)
(
i/∂ + /A
)
ψ(1) +
1
4π
∫
d2xψ¯(2)
(
i/∂ − /A)ψ(2) (4.22a)
where
Aµ = −ǫµν∂νK(ρ) (4.23a)
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and the two SU(2) color components decouple. We can then analyze each color separately.
(We will analyze the action corresponding to ψ(1), all the results are valid for ψ(2) replacing
Aµ → −Aµ) For the first action we have a conservation equation (vectorial symmetry) and
an anomalous equation (chiral symmetry)
∂µjµ = 0 , jµ = ψ¯γµψ (4.24a)
∂µj
5
µ = −2ǫµνFµν , j5µ = ψ¯γµγ5ψ. (4.25a)
However, because the gauge field satisfies the Lorentz gauge condition, we can construct a
new pair of conserved currents, one holomorphic and the other anti-holomorphic
∂z¯Jz = 0 , Jz = iψ¯RψL + 4Az (4.26a)
∂zJz¯ = 0 , Jz¯ = iψ¯RψL − 4Az¯. (4.27a)
Note the similarity of this currents with the bosonic currents J3z and J
3
z¯ (equations (4.3a)
and (4.4a)). In fact we can proceed in the same way we derive the equations (4.7a)-(4.10a)
and show that the effect of the “anomalous” term in the currents Jz and Jz¯ is to create a
Dotsenko and Fateev’s charge i2 at infinity [yo]. As in the bosonic case we can incorporate
this effect in the energy-momentum tensor by adding a term
∆TF ∝ ∂zjz F (4.28a)
where jz F = iψ¯RψL is the left “number” current. Finally using the rules of abelian
bosonization [FMS,cuerdistas] we can compute the changes in the Virasoro central charge
employing again the equation (4.17a) with Q = i2 . Finally adding the contribution of
the fermion ψ(2) (replacing Q → −Q) and summing over the K flavors we find that the
conformal charge for the fermionic action is
cF = K
(
1
4
+
1
4
)
=
K
2
. (4.29a)
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The former argument can be easily extended to study the the contribution to the
conformal anomaly of the ghost action in equation (2.20). The determinant in the adjoint
representation can be written as the path-integral
det
(
i∂z +A(α)z
)
ADJ
=
∫
Dξ¯Dξe−
1
2pi
∫
tr(ξ¯Dzξ) (4.30a)
where ξ¯ , ξ are a pair ghost-antighost taking values in the Lie algebra of SU(2) and Dz is
defined by
Dzξ = i∂zξ + [Az, ξ]. (4.31a)
We can expand the ghosts fields in the Cartan-Weyl basis (σ+, σ−, σ3) introducing the
three pairs of ghosts (b+, c+) , (b−, c−) and (b3, c3)
ξ¯ = b+σ− + b−σ+ + b3 σ
3
√
2
(4.32a)
ξ = c+σ− + c−σ+ + c3 σ
3
√
2
(4.33a)
(the generators are normalized to tr (σ+σ−) = tr (σ3)2 = 1 and any other combination
equal to zero).
In this representation the Lagrangian in (4.30a) is diagonal in the ghost fields and
takes the form
S[~b,~c] =
1
2π
∫
d2x
{
b+z (i∂z¯ + 2Az¯)c
−
z + b
−
z (i∂z¯ − 2Az¯)c+z + b3z(i∂z¯)c3z
}
. (4.34a)
(Of course there is an identical expression for the det
(
i∂z +A(α)z
)
ADJ
). The fields Az
and Az¯ are the same defined in equation (4.23a) and (b
i
z, c
i
z) (i = +,−, 3) are ghosts
of conformal dimensions 1 and 0 respectively. There is a fundamental difference between
this system and the fermionic one (equation (4.22a)). Owing to the tensorial character of
the ghosts they have a non-trivial coupling with the metric. In fact although the gauge
current in both systems are conserved the chiral current for the ghosts suffers two types
of anomalies, the usual chiral anomaly and a gravitational anomaly proportional to the
16
Gaussian curvature of the two-manifold [Fujikawa,FMS,cuerdistas]. For example for the
system (b+, c−) we have
∂µjµ = 0 , ~j =
(−b+z c−z − b+z¯ c−¯z , −ib+z c−z − ib+z¯ c−¯z ) (4.35a)
∂µj
5
µ = −4ǫµνFµν − 2
√
gR , ~j5 =
(−b+z c−z + b+z¯ c−¯z , −ib+z c−z + ib+z¯ c−¯z ) . (4.36a)
In a conformally flat metric gµν = e
4ηδµν we can also write a new pair of conserved currents
as in equations (4.26a) and (4.27a)
∂z¯Jz = 0 , Jz = ib
+
z c
−
z + 8Az + 4i∂zη (4.37a)
∂zJz¯ = 0 , Jz¯ = ib
+
z¯ c
−¯
z − 8Az − 4i∂z¯η (4.38a)
With the help of the Riemann-Roch theorem we can prove that the anomalous terms in
the currents alter the balance of the ghosts charge by creating a background charge [yo]
Q1 = i + i (from the gauge field and from the Gaussian curvature respectively). The
analysis of the system (b−, c+) is similar. In virtue of the opposite sign of the gauge field
in equation (4.34a) the background charge in this case is Q2 = i − i. Finally for the free
ghost system (b3, c3) we have Q3 = 0+ i. Once again we can realize these effects by adding
to the energy-momentum tensor a term
∆TG ∝ ∂zj3z G (4.39a)
where j3z G = i( 2b
+
z c
−
z − 2b−z c+z + b3zc3z ). Using the equation (4.17a) with the above
mentioned values of the charges we obtain the total ghost central charge
cG = −12. (4.40a)
The total conformal charge of this coset model is the sum of the values (4.21a), (4.29a)
and (4.40a) and the answer is
c =
2(K − 1)2
K + 2
+ 1 (4.41a)
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which corresponds exactly to the usual value of the central charge of the coset model
U(2K)/SU(2)K ∼ SU(K)2 × U(1). That is we find that the conformal anomaly is inde-
pendent of the topological background charge.
At the light of the above discussion this result became expected. In fact, we have
proved that for each subsystem i.e., bosonic, fermionic or ghost, the effect of the monopole
is a shift of the energy-momentum tensor in a quantity
∆TB,F,G ∝ ∂zj3B,F,G (4.42a)
where B, F,G stands for bosons, fermions and ghost respectively. Thus the change of
the total energy-momentum tensor of the theory is proportional to the derivative of the
total current in the direction σ3. But this is one of the currents we are constraining to
vanish with the Lagrange multiplier i.e., j3total ≡ 0. Hence once proved that the modifica-
tion of the energy-momentum due to the presence of the monopole is of the form (4.42a),
the result (4.41a) is natural. Note that this result, the independence of the conformal
anomaly on the topological sector, is a property of the whole theory but each subsys-
tem separately suffers a change. In particular the primary fields of each subsystem have
topology-dependent conformal dimensions. Moreover the vacuum expectation values of the
original fermionic fields depends on the topological charge as we mentioned in the previous
section.
In the next subsection we will show that these results are also valid for the general
coset U(NK)/SU(N)K ∼ SU(K)N × U(1).
b) The Case H = SU(N)/ZN
Now we can generalize the former results to the case H = SU(N)/ZN . In this case
there are N − 1 different topological sectors and not just one as in the SU(2)/Z2. We
begin with the study of the gauged WZW action (2.16). First we need to recall, as in the
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earlier case, the free field realization of the affine Kac-Moody algebra associated to sˆu(N)
[wakimoto].
Let {hi, ei, fi; i = 1, · · · , N−1} the Chevalley basis of sˆu(N) defined by the relations
[ei, fj] = δijhi
[hi, ej ] = aijej
[hi, fj] = −aijfj
(4.1b)
where
aij =
2(αi · αj)
(αj · αj)
(4.2b)
is the Cartan matrix. Our convention for the simple roots αj is [georgi]
αj = −
√
j − 1
2j
eˆj−1 +
√
j + 1
2j
eˆj (4.3b)
where {eˆ1, · · · , eˆN−1} is the canonical base of RN−1. The simple roots are normalized to
2(αi · αj) = 2δij − δi+1j − δij+1. (4.4b)
Then the affine Kac-Moody algebra associated to sˆu(N) is defined by the following OPE
Hi(z)Hj(ω) = 2(αi · αj)
k
(z − ω)2 + · · ·
Hi(z)Ej(ω) =
1
z − ωaijEj(ω) + · · ·
Hi(z)Fj(ω) = −
1
z − ωaijFj(ω) + · · ·
Ei(z)Fj(ω) =
k
(z − ω)2 δij +
1
z − ωδijHj(ω) + · · ·
(4.5b)
where k is the Kac-Moody level.
For each positive root αpp+q (αpp+q = αp + αp+1 + · · · + αp+q−1; p + q ≤ N) we
introduce [wakimoto] a pair of scalar bosons µα, να whose dynamics is governed by the
Liouville action
Sα = 1
2π
∫ {
(∂µα)
2 −Rµα
}
d2x+
1
2π
∫ {
(∂να)
2 + iRνα
}
d2x. (4.6b)
19
The OPE of these fields is given by
µα(z)µβ(ω) = να(z)νβ(ω) = −
1
4
δαβ ln (z − ω). (4.7b)
We also introduce [wakimoto] another set of scalar bosons φi, i = 1, · · · , N − 1, one
for each Cartan generator, whose action is also a Liouville action
S~φ =
1
2π
∫
d2x
{
∂~φ · ∂~φ− i 2
√
2√
K +N
Rρ · ~φ
}
(4.8b)
where ρ = 12
∑
α>0 α. The OPE of these fields is given by
φi(z)φj(ω) = −
1
4
δij ln (z − ω). (4.9b)
Hence we can realize the entire affine current algebra in terms of the fields µα, να, φi.
For example the currents in the Cartan subalgebra (luckily these are the only currents we
need) can be written as
Hi(z) =
∑
α>0
4(αi · α)∂zµα + i2
√
2(K +N)αi · ~φ. (4.10b)
The energy momentum tensor of this theory is given by
T (z) =
∑
α>0
Tα(z) + T~φ(z)
=
∑
α>0
{
−2(∂zµα)2 − ∂2zµα − 2(∂zνα)2 + i∂2zνα
}
+
+
{
−2∂z~φ · ∂z~φ− i 2
√
2√
K +N
ρ · ~φ
} (4.11b)
which satisfies a Virasoro algebra with a central charge
c =
k(N2 − 1)
k +N
. (4.12b)
Is important to mention that this energy-momentum tensor, computed by varying the
actions (4.6b), (4.8b) respect of the metric is the same one obtain in the Sugawara con-
struction with the currents Hi, Eα, Fα. Hence we conclude that because this model has
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the same current algebra and the same Virasoro algebra that the SU(N)k WZW theory,
both theories are equivalents.
Now we can return to our problem: How the presence of the topological background
field Aµ in the action (2.16) affects the conformal anomaly. The answer is not difficult. By
the same arguments we use for the case N=2 is easy to see that the effect of the background
field is the appearance in the energy-momentum tensor of an additional term
∆T (z) =
n
N
∂zj
N−1
z (4.13b)
where jN−1z = tr
(
kg−1∂zg TN−1
)
is the Kac-Moody current in the direction TN−1,
k = −(M +2N) is the level and n = 1, · · · , N−1 is the topological charge. We can express
this quantity in terms of the free fields µα, να, φi and add the result to the free field
representation of the energy-momentum tensor equation (4.11b). In fact noting that
TN−1 =
N−1∑
m=1
mhm (4.14b)
we can write the current jN−1z as
jN−1z (z) =
1
2
N−1∑
j=1
jHj(z). (4.15b)
And hence using the representation (4.3b) for the roots we find
jN−1z (z) = N
N−1∑
j=1
∂zµiN + i2
√
(k +N)N(N − 1)∂zφN−1. (4.16b)
Finally the energy-momentum tensor of the “twisted” theory takes the form
T
(n)
B =
∑
i<j<N
{
−2(∂zµij)2 − ∂2zµij − 2(∂zνij)2 + i∂2zνij
}
+
+
N−1∑
i=1
{
−2(∂zµiN )2 − (1− n)∂2zµiN − 2(∂zνiN )2 + i∂2zνiN
}
+
−2(∂z~φ · ∂z~φ)− i 2
√
2√
k +N
(
ρ− n(K +N)
√
N − 1
2
eˆN−1
)
· ∂2z ~φN−1.
(4.17b)
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The conformally anomaly can be easily computed using equation (4.17a) and we obtain
the result (for k = −(K + 2N))
c
(n)
B =
(K + 2N)(N2 − 1)
K +N
+ 3n2
(K + 2N)(N − 1)
N
. (4.18b)
Now let us analyze the fermionic system. The action can be written as
SF =
N−1∑
j=1
M∑
m=1
1
4π
∫
d2ψ¯
j
m(i/∂ + /A)ψ
j
m +
M∑
m=1
1
4π
∫
d2ψ¯Nm(i/∂ + (1−N)/A)ψNm (4.19b)
where Aµ is a gauge field with a fractional topological charge q = n/N . As in the case N=2
this model reduces to the case of KN abelian fermionic system in presence of a fractionally
charged topological field. Taking into account the chiral anomaly and using the Lorentz
gauge condition (2.11) we can write N pairs of conserved currents, one for each color
∂z¯j
j
z F = 0 j = 1, · · · , N (4.20b)
∂zj
j
z¯ F = 0 j = 1, · · · , N (4.21b)
where
j
j
z F = iψ¯
j
Rψ
j
L j = 1, · · · , N − 1
jNz F = i(1−N)ψ¯NR ψNL
j
j
z¯ F = iψ¯
j
Lψ
j
R j = 1, · · · , N − 1
jNz¯ F = i(1−N)ψ¯NL ψNR .
(4.22b)
Hence we can compute the conformal anomaly using again formula (4.17a) with the values
of the charges Qim = q, i < n and Q
N
m = q(1−N) (m = 1, · · · ,M). The result is
c
(n)
F = KN − 3n2
K(N − 1)
N
. (4.23b)
Finally we study the ghost action which appears when we exponentiate the determinant
of the Dirac operator in the adjoint representation using Grassmann variables. To do this
we introduce for each root α and for each Cartan generator hi of sˆu(N) a ghost system,
22
(bα, cα) and (bi, ci) respectively, of conformal dimensions (1,0). Using the commutation
relations
[TN−1, Eij] =
{
0 i, j < N
−N i < j = N
N j < i = N
[TN−1, hi] = 0 i = 1, · · · , N − 1
(4.24b)
we can write the ghost action as
SGh =
N−1∑
i=1
bNi(i∂z +NAz)cNi +
N−1∑
i=1
biN (i∂z −NAz)ciN+
+
(N−1)2∑
p=1
bp i∂zcp + h.c.
(4.25b)
Once more is easy to follow the steps of the case N=2 to compute the conformal anomaly.
We use again the formula (4.17a) with the values of the background charges QjN = i(1+n),
QNj = i(1 − n) and Qp = i for the ghost systems (bNj , cNj), (bjN , cjN ) and (bp, cp)
respectively (j = 1, · · · , N = 1; p = 1, · · · , (N − 1)2) and we obtain the result
c
(n)
G = −2(N2 − 1)− 6n2(N − 1). (4.26b)
The central charge of the coset model U(NK)/SU(N)K ∼ SU(K)N ×U(1) is the sum
of the three values (4.18b), (4.23b) and (4.26b). The final result is
cU(NK)/SU(N)K =
N(K2 − 1)
N +K
+ 1 (4.27b)
independent of the topological charge as we explained at the end of the previous subsection.
Of course the result (4.27b) is the usual value given by the coset construction [GKO]
cU(NK)/SU(N)K = cU(NK) − cSU(N)K . (4.29b)
CONCLUSIONS
We have studied a fermionic coset model G/H with subgroup H admitting non-trivial
topology (Π1(H) 6= 0). The partition function of this theory corresponds to a sum over
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the different topological sectors. For each sector we showed that the partition function
can be factorized in three factors: a partition function for fermions coupled to a non-
abelian monopole, a partition function of a gauged WZW theory and a partition function
for a ghost system minimally coupled to the same monopole field. We computed the
fermionic zero modes produced by the monopole background and showed the dependence
of the index of the Dirac operator with the topological sector. With the election of a
particular monopole background (a non-abelian gauge field with support at infinity) the
three subsystems become conformal invariant; moreover, the presence of the monopole
alters the value of the conformal anomaly of each subsystem. This change can be computed
exactly using an analogy with the Dotsenko and Fateev’s Coulomb Gas approach to CFT.
We showed that, for each subsystem, the effect of the monopole is to create a background
charge in the direction of the Cartan subalgebra which modifies the energy momentum
tensor of the theory. This modification has the general form
∆Tzz ∝ ∂zJN−1total
where JN−1total is the total current in the direction T
N−1. However, since in coset models
this current is constrained to zero by the Lagrange multiplier, the total energy-momentum
tensor does not suffer any change due to the topology. The variations of the conformal
anomaly of the three subsystems adds up to zero. We proved this result explicitly by
computing the conformal central charge for the three subsystems in the general coset
U(NK)/SU(N)K .
Finally let us mention that this result does not imply the independence of the model
on the topology of the gauge field. In fact, we have showed explicitly that the dependence
of the effective action on the monopole charge affects the conformal dimensions of the
primary fields of each subsystem. Moreover as we mentioned in section III, the existence
of fermionic zero modes impose selection rules over the vacuum expectation values of the
24
original fermionic fields which consequently have a strong dependence on the topological
charge [Bardakci,ellos,yo].
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